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We demonstrate how the matrix-produt state formalism provides a exible struture to solve the
onstrained optimization problem assoiated with the sequential generation of entangled multiqubit
states under experimental restritions. We onsider a realisti senario in whih an anillary system
with a limited number of levels performs restrited sequential interations with qubits in a row.
The proposed method relies on a suitable loal optimization proedure, yielding an eient reipe
for the realisti and approximate sequential generation of any entangled multiqubit state. We give
paradigmati examples that may be of interest for theoretial and experimental developments.
PACS numbers: 03.67.Bg, 02.70., 42.50.Dv, 71.27.+a
I. INTRODUCTION
Entangled multiqubit states are of entral importane
in the elds of quantum omputation and quantum om-
muniation [1℄, and have been the subjet of intensive
theoretial and experimental investigations. As pointed
out by Shön et al. [2, 3℄, the lasses of all sequentially
generated multiqubit states, assisted by an itinerant an-
illa, are exatly given by the hierarhy of matrix-produt
states (MPSs) [4℄. In this ontext, the required num-
ber of anilla levels is determined by the dimension of
the MPS anonial representation of the target multi-
qubit state. Matrix-produt states play an important
role in the ontext of strongly orrelated systems [5℄
and desribe the approximate ground states produed
by density-matrix renormalization group (DMRG) [6, 7℄
and Wilson's numerial renormalization group [8, 9℄.
Paradigmati multiqubit states, suh as Greenberger-
Horne-Zeilinger (GHZ) [10℄, W [11℄, and luster [12℄
states, an be desribed by low-dimensional MPS and
are onsidered valuable resoures for quantum informa-
tion and ommuniation tasks.
The generation of multiqubit entangled states via a
single global unitary operation ating on initially deou-
pled qubits is in general a diult problem. From this
point of view, several theoretial and experimental ef-
forts have been oriented towards the sequential genera-
tion of paradigmati entangled multipartite states. As
a matter of fat, a number of sequential and global ap-
proahes have been implemented in dierent physial sys-
tems to produe speially GHZ [13, 14℄,W [15, 16, 17℄,
and luster [18℄ states. In order to generate sequentially
any multiqubit state, a wide range of anilla levels and
anilla-qubit operations are neessary [2℄. In this sense,
two important theoretial and experimental questions ap-
pear naturally: will the sequential generation of a desired
multiqubit state still be feasible under given restrited ex-
perimental onditions? And if the answer is no, an we
design an eient protool that tells us the best possi-
ble approximation to the sequential generation of suh a
state? In this paper, we answer satisfatorily both ques-
tions. We demonstrate how the MPS formalism allows
us to exploit linear algebrai tools to study this relevant
onstrained optimization problem [19℄.
II. RESTRICTIONS ON THE NUMBER OF
ANCILLA LEVELS
It is known that any n-qubit state |ψ〉 an be writ-
ten anonially as an MPS with minimal dimension D(≤
2n) [4℄. It was also shown that suh a state an be built
sequentially with a D-dimensional anilla, if we have a-
ess to arbitrary anilla-qubit unitaries [2℄. In the se-
quential generation of states, an anillary system A (e.g.,
aD-level atom) ouples sequentially to an initially deou-
pled qubit hain |ψI〉 = |ψ
[n]
I 〉 ⊗ · · · ⊗ |ψ
[1]
I 〉 (e.g., avity
photoni qubits that leak out after interating with an
atom). Assuming that in the last step the anilla de-
ouples unitarily from the multiqubit system, we are left
with the n-qubit state [2℄
|ψ〉 =
1∑
in,...,i1=0
〈ϕF |V
in
[n] . . . V
i1
[1] |ϕI〉|in, . . . , i1〉 , (1)
an MPS of bond dimension dim(|ψ〉) = D, where the
(D × D)-dimensional matrix V ik[k] represents the anilla-
qubit operation at step k of the sequential generation
(with isometry ondition
∑1
ik=0
V ik†V ik = 1), with |ϕI〉
and |ϕF 〉 being the initial and the nal anilla states, re-
spetively. Hene, a relevant experimental question may
be raised: how well an we represent a given multiqubit
state |ψ〉 if only an anilla with a smaller number of levels,
D′ < D, is available? More formally: given a state |ψ〉,
2with a anonial MPS representation of bond dimension
D, what is the optimal MPS |ψ˜〉 of lower bond dimen-
sion D′ < D that minimizes their distane? We want to
estimate
min
dim(|ψ˜〉)=D′<D
‖ |ψ〉 − |ψ˜〉 ‖2 . (2)
We propose two tehniques to perform the MPS approx-
imation above, both exploiting a suitably designed loal
optimization of the V matries in Eq. (1). In the rst ap-
proah, we make use of a orollary of the singular value
deomposition (SVD) theorem from linear algebra to per-
form a loal optimization proedure whih may be alled
MPS ompression, in analogy to the image ompression
tehnique already used in omputer siene and engineer-
ing [20℄. Let the SVD of matrix A with rank(A) = r be
given by A =
∑r
i=1 σiuiv
†
i . Then, the best possible lower-
rank approximation to A that minimizes the Frobenius-
norm distane minrank(A˜)=r′<r ‖A− A˜‖F is given by A˜ =∑r′
i=1 σiuiv
†
i [21, 22℄. This suggests a trunation sheme
in whih one keeps only the r′ largest singular values of
A to form the optimal lower-rank matrix A˜. We exploit
now this property, valid for a single matrix, and apply
the outlined trunation to eah matrix V ik[k] , k = 1, ..., n,
in Eq. (1), yielding an MPS of lower bond dimension
D′ = D − (r − r′). This method oers a good solution
for matries with well-deaying singular-value spetrum.
In the seond approah [9℄, a DMRG-inspired varia-
tional optimization of V matries [23℄, we seek the best
possible approximation to |ψ〉 in the spae of all MPS
|ψ˜〉 of the form (1) (with V → V˜ ) with bond dimension
D′ < D, by solving the minimization problem of Eq. (2)
under the onstant-norm ondition 〈ψ˜|ψ˜〉 = 1, whih is
implemented using a Lagrange multiplier λ. Varying
Eq. (2) with respet to the matries dening |ψ˜〉 leads
to a set of equations, one for eah ik, of the form
∂
∂V˜ ik[k]
[
(1 + λ) 〈ψ˜|ψ˜〉 − 2Re
(
〈ψ|ψ˜〉
)]
= 0 , (3)
whih determines the optimal V˜ matries of the desired
state |ψ˜〉. These equations an be solved very eiently
using a sweeping proedure in whih one xes all but
the kth V˜ -matrix and solves the orresponding Eq. (3) for
the matrix V˜ ik[k] . Then one moves on to the neighboring
site and, in this fashion, sweeps bak and forth through
the hain until the onvergene is reahed.
Figure 1 illustrates the two optimization shemes out-
lined above for two dierent states, both with D = 16,
namely (i) the ground state of the XXZ Heisenberg
Hamiltonian and (ii) a randomly hosen MPS. For (i),
whih has a well-deaying singular-value spetrum, the
anilla dimension an be eetively redued from 16 to
6. Sine variational optimization allows for the feedbak
of information by several sweeps, it generally performs
better than MPS ompression.
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Figure 1: (Color online) Comparison of the variational op-
timization approah (solid lines) with the MPS ompression
tehnique (dotted lines). We onsider the ground state of
the XXZ Heisenberg Hamiltonian (irles) and a randomly
initialized MPS (triangles), indiating how well these MPS
with bond dimension D an be approximated with those of
dimension D′ < D.
III. RESTRICTIONS ON THE SOURCE-QUBIT
INTERACTIONS
Every open-boundary MPS of form (1) (with V → A)
with arbitrary A matries, not neessarily isometries, an
be ast into a anonial MPS representation with mini-
mal dimension D [24℄. Suh states, as mentioned above
Eq. (1), an be generated sequentially [2℄, suh that the
anilla deouples unitarily in the last step. We note that
the sequential generating isometries an be onstruted
expliitly by suessive SVD of the A matries and ex-
ploiting the gauge freedom of the matrix-produt states
as outlined in Refs. [2, 3℄. This is a general reipe for
the sequential generation of an arbitrary entangled mul-
tiqubit state if the required anilla dimension D and
anilla-qubit unitaries are available. However, in gen-
eral, a given physial setup may not have aess to some
of the required loal anilla-qubit unitaries. Given suh
a limitation, we fae an interesting onstrained optimiza-
tion problem: whih is the sequential protool by whih
a given multiqubit target state an be approximately
generated with a maximal delity?
To address this problem, let us begin by onsidering
the general unrestrited ase: the unitary time evolution
of the joint system anilla-qubit at step k of the sequen-
tial generation may be desribed by a general unitary
UAB[k] : HA ⊗HB → HA ⊗HB, U
AB
[k] = e
−iHAB[k] t/~
, where
HAB[k] is a general bipartite Hamiltonian that ouples the
anilla with the kth qubit. The latter an be written as
HAB[k] =
∑3
jA,jB=0
h
[k]
jAjB
σjA ⊗ σjB where h
[k]
jAjB
are real-
valued oupling onstants and σ1, σ2, σ3 are the usual
Pauli σ matries, with σ0 ≡ I as the identity matrix. For
the sake of simpliity, we have onsidered the ase D = 2,
but similar generators an be found for D > 2.
Now, suppose that only a restrited set of unitaries
3Figure 2: The ontration pattern used to alulate the ost
funtion in Eq. (7) inluding the loal anilla operations UA
and loal qubit operations UB. The initial states of the qubits
are denoted by |ψ
[k]
I 〉.
are available. As an illustrative ase, let the entan-
gling Hamiltonian have the restrited form of the XY
model [25℄
H˜AB[k] = h
[k]
1 (σ1 ⊗ σ1 + σ2 ⊗ σ2) , (4)
ontaining a single nonzero ontribution h
[k]
1 ≡ h
[k]
11 =
h
[k]
22 . Given an arbitrary MPS of the form of Eq. (1) (with
V → A) with arbitrary A matries and the restrited
Hamiltonian of Eq. (4), the aim is to nd the optimal re-
strited unitary operations U˜AB[k] = e
−iH˜AB[k] t/~
that when
applied sequentially to an arbitrary initial state of the
joint system |ΦI〉 = |ϕI〉 ⊗ |ψI〉, yield a state of the form
|Ψ˜〉 = U˜AB[n] . . . U˜
AB
[2] U˜
AB
[1] |ΦI〉 , (5)
whih is losest to the target state of the form |ϕF 〉 ⊗
|ψ〉, where |ϕF 〉 is arbitrary. Note that the ation of eah
restrited unitary on initial state of qubit, U˜AB[k] |ψ
[k]
I 〉,
produes a restrited isometry of the form
∑
ik,jk,α,β
U˜
ik,jk
α,β |αik〉〈βjk|ψ
[k]
I 〉 =
∑
ik,α,β
V˜ ikα,β |αik〉〈β| , (6)
with the denition V˜ ikα,β ≡
∑
jk
U˜
ik,jk
α,β 〈jk|ψ
[k]
I 〉 for the re-
sulting isometry V˜ AB[k] . In the ideal ase, when the delity
reahes unity, the anilla an be set to deouple unitar-
ily in the last step. However, this will not be the ase
in general when the allowed anilla-qubit unitaries are
restrited. Thus, the optimization problem reads
min
|Ψ˜〉∈H˜[k]
‖ |Ψ˜〉 − |ϕF 〉 ⊗ |ψ〉 ‖
2 , (7)
involving a multivariable ost funtion in |ϕF 〉 and
{h¯
[n]
1 , . . . , h¯
[1]
1 }, with h¯
[k]
1 = h
[k]
1 t, as the variational pa-
rameters, whih an be solved in an iterative proedure.
We start by piking a partiular unitary, say U˜AB[k] , and
minimizing the ost funtion in Eq. (7), varying over
h¯
[k]
1 , and regarding ouplings of all the other unitaries
as xed. Then we move on to the neighboring unitary
2 3 4 5 6 7 810
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Figure 3: (Color online) The deviation of the delity 1−F =
1 − ‖〈Ψ˜|ψ〉‖ as a funtion of the number n of qubits for the
W state with D = 2 when optimizing the ouplings hjAjB
and the loal anilla unitaries UA, with initial qubit states all
equal, |ψ
[k]
I 〉 = |0〉. The inset shows the ase where only the
ouplings hjAjB are being optimized.
and optimize its oupling. When all unitaries have been
optimized loally, we sweep bak again and so forth until
onvergene. Eah iteration of the loal optimization pro-
edure requires the alulation of the overlap of the states
in the ost funtion of Eq. (7), whih an be straightfor-
wardly alulated in MPS representation as illustrated
in Fig. 2 (with UA and UB set to 1 there). Varying over
the vetor |ϕF 〉 and using the resulting optimal one, the
ost funtion simplies to 2(1−‖〈Ψ˜|ψ〉‖), suggesting the
denition of the delity of the proedure as F ≡ ‖〈Ψ˜|ψ〉‖.
For the restrited entangling Hamiltonian of Eq. (4),
the variational spae is so small (only one parameter at
eah step), that the variational optimization proedure in
general does not result in muh overlap with the target
state |ψ〉, as illustrated in the inset of Fig. 3 using the fa-
miliar |W 〉n state as target. However, F an be improved
by enlarging the variational spae. For example, onsider
U˜AB in Eq. (5) being replaed with restrited unitaries of
the form UA[k]U˜
AB
[k] , where U
A
[k] = e
−iHA[k]t/~
are arbitrary
loal anilla unitaries of dimensionD×D. This optimiza-
tion problem an be treated in the same manner as the
one desribed in Eq. (7), exept that before optimizing
eah U˜AB, we will also vary over the anilla operation UA.
In this way, we are able to produe the |W 〉n-state with
almost perfet delity (e.g., 1 − F ≈ 10−9 for n = 4) as
illustrated in Fig. 3. In both ases, the smaller the num-
ber of qubits n, the larger the delity, whih is a purely
numerial issue due to the loal optimization. Models
requiring the entangling Hamiltonian of the XXZ form
h
[k]
1 (σ1⊗ σ1+σ2⊗ σ2) + h
[k]
2 σ3⊗σ3, an be simulated in
a similar manner.
As a test of the proposed protools, we applied our
variational presription to the sequential generation of
4Table I: Comparing the optimal ouplings of our simulation hsim1 to those used for experimental realization of W state h
expt
1
in Ref. [15℄ for n = 5.
Site index (k) 1 2 3 4 5
[(hsim1 /h
expt
1 )− 1]× 10
5
36.50 0.72 8.64 0.62 0.59
W states in an ion hain. Following losely the reent
experiment of Ref. [15℄, we targeted a W state with the
entangling Hamiltonian of the form h1(σ
+ ⊗ σ+ + σ− ⊗
σ−), with σ+ and σ− being the usual raising and lowering
Pauli operators, respetively, and the initial state |ψI〉 =
|1〉|0〉 . . . |0〉 used in experiment. The optimal ouplings
hsim1 of the resulting onverged variational MPS |Ψ˜〉 (with
1−F ≈ 10−9 for n = 5) turned out to agree very well with
the two-qubit rotations h
expt
1 used for the experiment of
Ref. [15℄, as illustrated in Table I.
As the main result of this paper, we have found strong
numerial evidene that an arbitrary MPS with D = 2
an be generated sequentially if the single-parameter re-
strited unitaries U˜AB in Eq. (5) [based on Eq. (4)℄ are
augmented by arbitrary loal unitaries for both anilla
and qubit spaes. The ombined unitary employed was
UA[k]U
BI
[k] U˜
AB
[k] U
BF
[k] , where U
B
[k] = e
−iHB[k]t/~
are arbitrary lo-
al qubit unitaries (see Fig. 2). We have onsidered, for
this purpose, the generation of 100 randomly hosen MPS
and have found that 1−F remains below 6×10−13 up to
n = 5. Note that the ombined ation of these unitaries
inludes (at most) 11 real independent parameters, whih
in pratie an be redued to ten, sine varying a global
phase has no eet. In ontrast, the unrestrited uni-
taries UAB involve 16 real independent parameters. Thus
sequential generation of an arbitrary MPS with D = 2,
an be ahieved more eonomially than previously real-
ized: a suient ondition is the availability of the set of
restrited two-qubit isometries speied above, instead
of the availability of arbitrary two-qubit unitaries [2℄.
We may then wonder whether some xed parameter-
free two-qubit isometries an at as universal set for gen-
eration of arbitrary entangled states. The problem we
propose, whih is the natural one in the sequential gen-
eration of multi-qubit states, is the following: give a
minimal set S of two-qubit unitaries suh that one an
generate an arbitrary isometry with a single unitary of
the set S, together with arbitrary one-qubit unitaries.
Note that, we already showed numerially that S an
be given by the single-parameter interations of the XY
type, whereas we now wonder whether this an be re-
alized by a minimal set of xed anonial gates. Note
that sine the paradigm is ompletely dierent (a single
use of the entangling unitary and isometries instead of
unitaries), the results onerning universal sets of gates
for quantum omputing do not play a role for our proto-
ol. We have found numerially, for example, that some
parameter-free xed two-qubit gates [suh as ontrolled
NOT (CNOT)℄ plus three loal unitaries are not isomet-
rially universal, as they are not apable of generating
an arbitrary state with F = 1. The searh for suh two-
qubit gates, if any, remains open.
Reently, a lot of eort has been devoted to nd min-
imal sets of one-qubit and two-qubit gates, and the min-
imal number of appliations, to generate arbitrary two-
qubit unitaries [26℄. The existene of these universal sets
is of entral relevane in quantum omputing. The above
results suggest onsideration of a lass of problems in-
volving a dierent paradigm: whih are the universal sets
of one-qubit and two-qubit gates that an generate arbi-
trary two-qubit isometries? What is the minimal num-
ber of appliations and how does this ompare to the
quantum omputing ase? For the ase of two-qubit uni-
taries, a universal gate set (in the usual quantum om-
puting sense) is learly suient, but not neessary. This
results, for example, from ounting the number of inde-
pendent parameters for an arbitrary two-qubit unitary,
learly larger than in the ase of an arbitrary two-qubit
isometry. The aim will be then to nd the exat de-
omposition of an arbitrary isometry into a minimal ap-
pliations of unitaries as omputational primitives. The
general solution assoiated with this paradigm remains
open.
Finally, we also want to point out that our sheme by
onstrution an be learly viewed also within the general
framework of optimal ontrol theory [27, 28℄.
IV. CONCLUSIONS
In onlusion, we have developed protools for an e-
ient sequential generation of entangled multiqubit states
under realisti experimental onstraints. We stress that
the proposed optimization methods are of wide applia-
bility and will be of importane for any sequential physi-
al setup. In partiular, we an mention photoni qubits,
atoms, ions, superonduting qubits, or quantum dots.
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